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Abstract. We reinvestigate the fate of the Vainhstein mechanism in the minimal model of
dRGT massive gravity. As the latter is characterised by the complete absence of interactions
in the decoupling limit, we study their structure at higher energies. We show that in static
spherically symmetric configurations, the lowest energy scale of interactions is pushed up
to the Planck mass. This fact points towards an absence of Vainshtein mechanism in this
framework, but does not prove it. By resorting to the exact vacuum equations of motion, we
show that there is indeed an obstruction that precludes any recovery of General Relativity
under the conditions of stationarity and spherical symmetry. However, we argue that the
latter are too restrictive and might miss some important physical phenomena. Indeed, we
point out that in generic non spherically symmetric or time-dependent situations, interactions
arising at energies arbitrarily close to the energy scale of the decoupling limit reappear. This
leads us to question whether the small degree of spherical symmetry breaking in the solar
system can be sufficient to give rise to a successful Vainshtein mechanism.
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1 Introduction
How to give a mass to the graviton is an interesting theoretical question in its own right.
Moreover, achieving it in a controlled manner might help to tackle the cosmological constant
problem [1], by weakening gravity on cosmological scales through the degravitation mecha-
nism [2–4]. However, such a modification usually comes with pathologies, in particular the
presence of the so-called Boulware-Deser ghost [5–7]. It is only recently that this problem
has been solved by de Rham, Gabadadze and Tolley [8, 9], who formulated a ghost-free
non-linear theory of massive gravity, henceforth dRGT. The absence of ghosts in this theory
has now been confirmed and formulated by several authors in several formalisms, see e.g.
refs. [10–18]. However, for a theory of massive gravity to be viable, not only should it be
devoid of ghosts, but it should also conform with gravity precision tests in the solar system,
where no deviation from General Relativity (GR) is detected [19]. The screening of the addi-
tional degrees of freedom of massive gravity compared to GR near dense sources has proved
to be a non-trivial task. It is inefficient at the linear level, a manifestation of the so-called
vDVZ (van Dam-Veltman-Zakharov) discontinuity [20, 21]. However, Vainshtein suggested
that the non-linearities of massive gravity can yield this effect [22], by rendering the new
degrees of freedom strongly kinetically self-coupled, so that they almost do not propagate.
That this mechanism can work has been proven explicitly only recently [23–25] (see ref. [26]
for a review about the Vainshtein mechanism).
In this respect, there exist several studies of spherically symmetric solutions in dRGT
massive gravity [27–36], both exactly and in the so-called decoupling limit [37]. The latter is
defined in such a way as to concentrate on the interactions arising at the lowest energy scale,
which, in generic dRGT theories, is identified as Λ3 = (MPlm
2)1/3, where m is the mass of
the graviton. In this paper, we reinvestigate the fate of the Vainshtein mechanism in the
so-called minimal model of massive gravity, a particular model defined by the property that
its decoupling limit Lagrangian is trivial, i.e. that no interactions arise at the energy Λ3. In
ref. [29], it is argued that the Vainshtein mechanism is ineffective in this model, and that
the latter is therefore ruled out by solar system observations. However, the arguments there
are based on a weak field approximation for the helicity-2 mode, which ultimately captures
the picture of the decoupling limit. Yet, the absence of non-linearities at this level does
not necessarily mean that they are ineffective to yield a Vainshtein mechanism. It solely
implies that the decoupling limit Lagrangian does not suffice to decipher its existence or not
in this model. Additionally, the analysis of ref. [29] is restricted to spherically symmetric
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configurations. While this is a natural starting point and a very common assumption in the
literature, we will see that the peculiarities of the minimal model might render it misleading as
to the fate of the Vainshtein mechanism in real-world conditions, in which spherical symmetry
is broken, even mildly, like in the solar system.
For these reasons, we investigate the interactions of the minimal model arising at en-
ergies higher than Λ3, in static spherically symmetric configurations and beyond. Working
within the Stu¨ckelberg formalism, and considering only the scalar graviton, we prove the
remarkable fact that in static spherically symmetric configurations, all interactions arising
below the Planck mass vanish identically, i.e. beyond the free, quadratic, action, the theory
completely loses track of the graviton mass, barring energies larger than the Planck scale.
This tantalizing fact points towards an absence of Vainshtein mechanism in this set up, but
does not prove it. For this reason, we resort to the exact equations of motion in the metric
formalism. We then show completely generally that in all vacuum stationary and spheri-
cally symmetric configurations, there exists an obstruction that precludes any recovery of
General Relativity. While this could be seen as a proof that the minimal model is ruled
out, we argue that our analysis of the energy scales of interactions in time-dependent or
non-spherically symmetric configurations indicates that it would be premature to reach this
conclusion without further study.
The outline of the paper is as follows. In section 2, we introduce the theory of dRGT
massive gravity, review the construction of its decoupling limit, and present the minimal
model. In section 3, we investigate, within the Stu¨ckelberg formalism, energy scales of
interactions in the minimal model beyond the decoupling limit. We study exact vacuum
solutions of the theory in section 4 and conclude in section 5.
2 dRGT massive gravity and its minimal model
In this paper, we consider ghost-free dRGT massive gravity with Minkowski reference metric
in four spacetime dimensions. Its Lagrangian is usually formulated as [9]
LMG =
√−gM
2
Pl
2
(
R+m2
(
Λ(2)(K) + α3Λ(3)(K) + α4Λ(4)(K)
))
(2.1)
where R is the Ricci scalar of the spacetime metric gµν , m is the mass of the graviton, and
Λ(2)(K) = 〈K〉2 − 〈K2〉, (2.2)
Λ(3)(K) = 〈K〉3 − 3〈K〉〈K2〉+ 2〈K3〉, (2.3)
Λ(4)(K) = 〈K〉4 − 6〈K2〉〈K〉2 + 8〈K3〉〈K〉+ 3〈K2〉2 − 6〈K4〉 , (2.4)
where 〈. . .〉 represents the trace of a tensor and Kµν = δµν − γµν , with
γµν =
√
gµαηαν . (2.5)
Here, gµν is the inverse of gµν and the square root is understood in the matrix sense, i.e.
(γ2)µν ≡ γµαγαν = gµαηαν . (2.6)
We will only be concerned with cases in which gµν is close to ηµν , so that g
µαηαν is close
to the identity matrix, and the matrix square root is well defined by perturbation theory
(see [18, 38] for discussions of more general cases). The formulation (2.1) is useful because
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it renders explicit the fact that, upon expanding gµν about the Minkowski metric, the Fierz-
Pauli structure [39] is recovered at the level of the quadratic action.
The mass term in eq. (2.1) explicitly breaks the covariance of General Relativity.
However, it can be usefully restored by resorting to the well-known Stu¨ckelberg trick (see
e.g. [6, 37, 40] for more details). In practice, it amounts to promoting the fixed metric ηµν
to a tensor field, through the replacements:
ηµν → η˜µν = ηµν −∇µVν −∇νVµ + ηαβ∇µVα∇νVβ , (2.7)
Vµ → A˜µ +∇µp˜i , (2.8)
where ∇µ denotes the covariant derivative with respect to the reference Minkowski metric
expressed in any coordinate system (it will be useful later on when dealing with spherically
symmetric configurations). Upon performing these replacements, the counting of degrees of
freedom (d.o.f) becomes more transparent. Indeed, instead of having all d.o.f of massive
gravity contained in the dynamical metric gµν , its fluctuations about the Minkowski back-
ground, h˜µν ≡ gµν − ηµν , now encode only the 2 d.o.f of standard General Relativity (up to
a field redefinition, see below), whereas A˜µ is a vector bearing 2 d.o.f and p˜i is a scalar (often
called the scalar graviton) which, in dRGT theories, obeys second-order equations of motion
and hence contains one d.of. In terms of these variables, a linear analysis (dictated solely
but the Fierz-Pauli structure) then reveals that the canonically normalised fields read
hµν =MPlh˜µν , Aµ =MPlmA˜µ , pi =MPlm
2p˜i . (2.9)
As for interactions, the structure of eqs. (2.7)–(2.8) is such that in the mass term, pi always
appears with two (covariant) derivatives, A with one, and h with none, so that a generic
interacting term schematically reads
∼ m2M2Plh˜nh(∂A˜)nA(∂2p˜i)npi ∼ Λ4−nh−2nA−3npiα hnh(∂A)nA(∂2pi)npi , (2.10)
where the energy scale suppressing each term is
Λα =
(
MPlm
α−1
)1/α
, α =
3npi + 2nA + nh − 4
npi + nA + nh − 2 , (2.11)
and where npi + nA + nh ≥ 3 since we are considering interactions. Since m < MPl for
realistic parameters, Λα is a decreasing function of α. For a generic mass term, there are
interactions whose energy scales lie below Λ3. However, the dRGT Lagrangian (2.1) is built
such that the corresponding terms, in (∂2pi)npi and in (∂A)(∂2pi)npi , vanish identically. The
lowest interaction scale is thus in general Λ3 = (MPlm
2)1/3. By considering the so called
decoupling limit (DL), such that
m→ 0 , MPl →∞ , Λ3 fixed , (2.12)
one can therefore concentrate on the leading interactions of the theory. In this limit, the
non-linearities in hµν and Aµ disappear, and one can show that the full Lagrangian (2.1)
boils down to (ignoring the free field Aµ in this limit) [8, 9]
ΛDL = −1
4
hµν Eˆαβµν hαβ +
1
2
hµν
(
2X(1)µν + (1 + 3α3)
X
(2)
µν
Λ33
+ (α3 + 4α4)
X
(3)
µν
Λ63
)
, (2.13)
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where Eˆ is the Lichnerowicz operator, coming from the expansion of the Einstein-Hilbert
action at quadratic order, and
X(n)µν =
n∑
m=0
(−1)m n!
2(n−m)! (Π
m)µνΛ
(n−m)(Π) , (2.14)
where Πµν ≡ ∇µ∇νpi, Λ(0) ≡ 1, Λ(1)(Π) = 〈Π〉 and Λ(2,3,4) are defined in eqs. (2.2)–(2.4).
The Lagrangian (2.13) kinetically mixes hµν and pi. One can partially diagonalize it by
use of the transformation (the mixing in X
(3)
µν can be eliminated as well but at the cost of a
non-local field redefinition [8])
hµν = h¯µν + pi ηµν − 1 + 3α3
Λ33
∇µpi∇νpi , (2.15)
yielding
ΛDL = −1
4
h¯µν Eˆαβµν h¯αβ +
1
2
(α3 + 4α4)h¯
µνX
(3)
µν
Λ63
+
5∑
n=2
cn
Λ
(n)
Gal
Λ
3(n−2)
3
, (2.16)
where
cn = −3
4
δn,2 − 3
4
(1 + 3α3)δn,3 −
(
1
4
(1 + 3α3)
2 +
1
2
(α3 + 4α4)
)
δn,4
− 5
8
(1 + 3α3)(α3 + 4α4)δn,5 (2.17)
and where the Galileon Lagrangians are such that Λ
(n)
Gal ≡ (∇pi)2Λ(n−2)(Π).
From the above formulas, it is clear that the so-called minimal model, such that 1+3α3 =
α3+4α4 = 0 is very peculiar.
1 Indeed, for this particular choice of parameters, all interactions
in the decoupling limit Lagrangian vanish identically, i.e. h¯µν and pi are just free fields in this
limit. The appearance of these particular combination of the parameters α3 and α4 can be
understood non-perturbatively by formulating the Lagrangian (2.1) in terms of the Λ(n)(γ)
instead of the Λ(n)(K), where we recall that Kµν = δµν − γµν . One then finds
LMG =
√−gM
2
Pl
2
(
R+m2
4∑
n=0
βn Λ
(n)(γ)
)
(2.18)
where
β0 = 12 (1 + 2(α3 + α4)) (2.19)
β1 = −6 (1 + 3α3 + 4α4) (2.20)
β2 = 1 + 3α3 + 3(α3 + 4α4) (2.21)
β3 = − (α3 + 4α4) (2.22)
β4 = α4 . (2.23)
1Within the context of Galileons, or equivalently at the level of the DL action (2.13), it has been shown
in ref. [41] that no Vainshtein mechanism is possible unless 1 + 3α3 > 0, and unless α3 + 4α4 = 0 in ref. [42].
However, the case of the minimal model, for which both these parameters vanish and one should go beyond
the DL, was not considered in these papers. We thank Claudia de Rham for pointing them out to us.
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The term in β4, proportional to
√−gΛ(4)(γ) = 24√−g det(g−1η) = 24√−det(ηµν), is non-
dynamical and can be omitted. The full Lagrangian of the minimal model, such that 1+3α3 =
α3 + 4α4 = 0, can thus be rewritten in the form
Λmin =
√−gM
2
Pl
2
(
R+ 2m2 (3− 〈γ〉)) (2.24)
≡ √−gM
2
Pl
2
R+ Lmass . (2.25)
Contrary to the formulation (2.1), the Fierz-Pauli structure at the level of the quadratic
action is not obvious in this language. However, we will see in what follows that the absence
of terms quadratic or higher-order in γ in Lmass considerably simplifies the discussion of the
interactions in this model, as well as it plays a crucial role in the obstruction to obtain a
Vainshtein mechanism in stationary and spherically symmetric configurations.
3 Energy scales of interactions in the minimal model
As we have seen in the previous section, the decoupling limit Lagrangian of the minimal
model of dRGT massive gravity is trivial, i.e. h¯µν and pi are just free fields in this limit.
This merely shows that the decoupling limit (2.12) is not adequate to describe interactions
in the minimal model, and that those arising at energy scales higher than Λ3 should be
determined and taken into account. For this reason, we explore in this section the structure
of the interactions between h¯µν and pi. From eqs. (2.7)–(2.8)–(2.15), we thus write
gµν = ηµν +
h¯µν
MPl
+
pi
MPl
ηµν , (3.1)
η˜µν = ηµν − 2
Λ33
Πµν +
1
Λ63
Πµαη
αβΠβν . (3.2)
As our primary interest is in static spherically symmetric (SSS) configurations, we choose
the Schwarzschild gauge for h¯µν , writing
gµνdx
µdxν = −
(
1 +
ν¯
MPl
)
dt2 +
(
1 +
λ¯
MPl
)
dr2 + r2dΩ2 +
pi
MPl
(−dt2 + dr2 + r2dΩ2) ,
(3.3)
where dΩ2 = dθ2+ sin2θ dφ2 and where ν¯, λ¯ and pi are functions of r only. From eq. (3.2) we
obtain
η˜µνdx
µdxν = −dt2 +
(
1− pi
′′
Λ33
)2
dr2 +
(
1− pi
′
rΛ33
)2
r2dΩ2 (3.4)
where ′ ≡ d/dr. An obvious matrix square root γµν of gµαη˜αν thus reads, in the coordinate
system (t, r, θ, φ):
γµν=Diag
(
(−gtt)−1/2, (grr)−1/2
(
1− pi
′′
Λ33
)
,
(
1+
pi
MPl
)
−1/2(
1− pi
′
rΛ33
)
,
(
1+
pi
MPl
)
−1/2(
1− pi
′
rΛ33
))
(3.5)
with
−gtt = 1 + ν¯ + pi
MPl
and grr = 1 +
λ¯+ pi
MPl
. (3.6)
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The remarkable point here is that in SSS configurations, the matrix structure in eq. (3.2)
trivializes to lead to the perfect-square structure (3.4). As a consequence, the matrix γ
in eq. (3.5) contains only one power of pi/Λ33 (and its derivatives), in contrast with the
generic situation where taking the square root of gµαη˜αν generates an infinite number of
them (see below).
With the explicit expression (3.5), one obtains the expression of the mass term (2.25):
Lmass = MPlΛ33r2
(
1 +
pi
MPl
)
(−gttgrr)1/2
×
[
3− (−gtt)−1/2 − g−1/2rr
(
1− pi
′′
Λ33
)
− 2
(
1 +
pi
MPl
)
−1/2(
1− pi
′
rΛ33
)]
. (3.7)
The factors of 1/Λ33 in pi
′′/Λ33 and pi
′/(rΛ33) are compensated by the overall factor M
2
Plm
2 =
MPlΛ
3
3, whereas only MPl enters into the factors 1 + pi/MPl, gtt and grr. As a conse-
quence, the interactions in (3.7) are either suppressed by the Planck mass, or of the type
∼MPlΛ33Xn/MnPl, where n ≥ 3 and Xn stands for n products of either λ¯, ν¯ or pi. The energy
scales suppressing the latter terms are of the type Λα (2.11) with α = 1− 2/(n− 2) and are
thus above the Planck mass. As the interactions coming from the Einstein-Hilbert action
are suppressed by the Planck mass (see eq. (3.3)), we reach the conclusion that the lowest
energy scale of interactions isMPl. In other words, not only do the interactions at the energy
Λ3 vanish, but also all the interactions involving h¯µν and pi below the Planck mass! Had
we used the formulation (2.1), this would have been obscured: each term Λ(n)(K) contains
non-trivial interactions below MPl, conspiring to cancel for the specific parameters of the
minimal model α3 = −1/3, α4 = 1/12. As we have seen, this becomes transparent with
the formulation (2.18), relying on the fact that γ is linear in pi/Λ33 (this is a consequence of
considering a SSS configuration) and that the minimal model (2.24) is linear in γ itself.
Beyond static spherically symmetric configurations. One can wonder to which ex-
tent the above conclusion relies on considering a SSS configuration. To understand this,
we first consider a spherically symmetric configuration of the form (3.3), but now with an
additional time-dependence of ν¯, λ¯ and pi. One then obtains
(g−1η˜)µν =
(
A 0
0 B
)
where
A =

 −g−1tt ((1 + ¨˜pi)2 − ˙˜pi′2) −g−1tt ˙˜pi′ (2− p˜i′′ + ¨˜pi)
g−1rr ˙˜pi
′
(
2− p˜i′′ + ¨˜pi) g−1rr ((1− p˜i′′)2 − ˙˜pi′2)

 ,
B =
(
1 +
pi
MPl
)
−1(
1− p˜i
′
r
)2
12 , (3.8)
we recall that pi = Λ33p˜i, and ˙≡ d/dt. When ˙˜pi′ = 0, a matrix square-root of A is
Diag
(
(−gtt)−1/2(1 + ¨˜pi), (grr)−1/2(1− p˜i′′)
)
, (3.9)
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then γµν is linear in p˜i = pi/Λ
3
3 and the above arguments apply.
2 Similarly, when ν¯ = λ¯, one
can find an “obvious” square-root of A:
g−1/2rr

 1 + ¨˜pi ˙˜pi′
− ˙˜pi′ 1− p˜i′′

 ,
γµν is still linear in pi/Λ
3
3 and the minimal energy of interactions is MPl. However, this does
not hold in full generality. Using that for any 2× 2 matrix A, a square root R of A (the one
connected to the identity in perturbation theory) reads
R =
(
〈A〉+ 2
√
det(A)
)
−1/2 (
A+
√
det(A)12
)
, (3.10)
with its trace given by
〈R〉 =
(
〈A〉+ 2
√
det(A)
)1/2
, (3.11)
one arrives at the explicit expression for 〈γ〉:
〈γ〉 =
[
g−1rr
(
(1− p˜i′′)2 − ˙˜pi′2)+ (−gtt)−1 ((1 + ¨˜pi)2 − ˙˜pi′2)
+2
(
1 + ˙˜pi′2 + ¨˜pi − p˜i′′(1 + ¨˜pi)) (−gttgrr)−1/2]1/2 + 2
(
1 +
pi
MPl
)
−1/2(
1− p˜i
′
r
)
. (3.12)
Beyond interactions similar to the SSS case, suppressed by MPl and Λ1−2/(n−2), it is clear
from the above remarks that all the other possible interactions should vanish for ˙˜pi′ = 0 and
ν¯ = λ¯. Indeed, by using eq. (3.12) and by expanding the term M2Plm
2√−g〈γ〉 in eq. (2.25) in
terms of the fields ν¯, λ¯ and pi, one finds an infinite number of interactions involving negative
powers of Λ33, all of them being proportional to (λ¯ − ν¯)2 ˙˜pi′2. Amongst them, we find for
example interactions of the type
an
r2(λ¯− ν¯)2p˙i′2
Λ33MPl
(pi′′ − p¨i)n
Λ3n3
, (3.13)
with non-zero an for all n ≥ 0. Note that the structure of these terms is in agreement with
the general analysis eqs. (2.10)–(2.11), with nh = 2 and npi = n+2. In particular, the energy
scales suppressing these interactions are
Λ(3n+4)/(n+2) =
(
MPlm
2(n+1)
n+2
) n+2
3n+4
, (3.14)
which tend to (MPlm
2)
1
3 = Λ3 as n goes to ∞.
Interestingly, the same structure appears in static but non-spherically symmetric situ-
ations. To show this, let us consider again a configuration of the form (3.3), but this time
with ν¯, λ¯ and pi depending on r and on the angle θ. One then finds
(g−1η˜)µν =


(−gtt)−1 0 0
0 C 0
0 0 d


2Note in particular that the latter apply when pi is of the form pi = pi0(r) + c t
2, where c is a constant, as
considered for instance in refs. [41, 42].
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where
Crr = g
−1
rr
(
(1− p˜i′′)2 + 1
r4
(
rp˜i′,θ − p˜i,θ
)2)
(3.15)
Crθ = r
−3g−1rr
(
rp˜i′,θ − p˜i,θ
) (
r2p˜i′′ + rp˜i′ + p˜i,θθ − 2r2
)
(3.16)
Cθr = r
−5
(
1 +
pi
MPl
)
−1 (
rp˜i′,θ − p˜i,θ
) (
r2p˜i′′ + rp˜i′ + p˜i,θθ − 2r2
)
(3.17)
Cθθ =
(
1 +
pi
MPl
)
−1
[(
1− p˜i
′
r
− p˜i,θθ
r2
)2
+
1
r4
(
rp˜i′,θ − p˜i,θ
)2]
(3.18)
and
d =
(
1 +
pi
MPl
)
−1(
1− p˜i
′
r
− Cot(θ) p˜i,θ
r2
)2
. (3.19)
The discussion then proceeds completely similarly as above: when rp˜i′,θ − p˜i,θ = 0, a matrix
square-root of C is
Diag
(
(grr)
−1/2(1− p˜i′′),
(
1 +
pi
MPl
)
−1/2(
1− p˜i
′
r
− p˜i,θθ
r2
))
, (3.20)
γµν is linear in p˜i = pi/Λ
3
3 and the minimal energy of interactions is MPl. Additionally, when
λ = 0, an “obvious” square-root of C reads:
(
1 +
pi
MPl
)
−1/2

 1− p˜i′′ −r−1(rp˜i′,θ − p˜i,θ)
−r−3(rp˜i′,θ − p˜i,θ) 1− p˜i
′
r −
p˜i,θθ
r2


and the same conclusion holds. In the general case however, one can use eq. (3.11) to find the
trace of the relevant square root of C, and hence an explicit expression for 〈γ〉. Expanding
the term M2Plm
2√−g〈γ〉 in eq. (2.25), one then finds, in addition to the terms suppressed by
MPl and Λ1−2/(n−2), an infinite number of interactions involving negative powers of Λ
3
3, all
proportional to λ¯2
(
rp˜i′,θ − p˜i,θ
)2
. They include for example interactions of the type
bn sin(θ)
λ¯2
(
rpi′,θ − pi,θ
)2
r2Λ33MPl
(
pi′′ + pi′/r + pi,θθ/r
2
)n
Λ3n3
, (3.21)
with non-zero bn for all n ≥ 0, whose energy scales are again given by eq. (3.14).
As a summary, although there is no interaction at the energy Λ3 in the minimal model,
and the lowest energy scale of interactions is MPl in static spherically symmetric configura-
tions, interactions arising at energy scales arbitrarily close to Λ3 are present in generic spher-
ically symmetric but time-dependent configurations, or generic static but non-spherically
symmetric ones. In the non-minimal models of massive gravity, the existence of a finite num-
ber of interactions arising at a well defined lowest energy scale enables us to hope to capture
the main physics of interactions by concentrating on this scale. This is the essence of the
decoupling limit. Our analysis shows that no such hope is possible in the minimal model,
either because there is no lowest energy scale of interaction — this is the generic case — or,
in the presence of such a scale in SSS configurations, namely the Planck mass, because of the
existence of an infinite number of interactions arising at this scale, including for instance the
ones of General Relativity.
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4 Exact equations of motion and obstruction to a Vainshtein mechanism
In the previous section, we have shown that in static spherically symmetric configurations,
interactions below the Planck mass between h¯µν and pi vanish identically. This remarkable
fact points towards the absence of a Vainshtein mechanism in this set up, but does not prove
it. In this section, we settle this question by resorting to the exact equations of motion.
Considering generic vacuum stationary and spherically symmetric configurations, we show,
within these hypotheses, that there is an obstruction that prevents the recovery of General
Relativity in the minimal model.
By definition, a stationary and spherically symmetric configuration with Minkowski
reference metric reads, in Lorentzian coordinates:
gµνdx
µdxν = −a2(r)dt2 + 2d(r)dtdr + b2(r)dr2 + c2(r)dΩ2 (4.1)
ηµνdx
µdxν = −dt2 + dr2 + r2dΩ2 . (4.2)
To enable the comparison with the Schwarzschild solution of General Relativity, we define the
four functions λ(r), µ(r), ν(r), α(r) out of the four functions a(r), b(r), c(r), d(r) as follows:
a2(r) = eν(r) , c2(r) = r2eµ(r) , b2(r) +
d2(r)
a2(r)
= eλ(r)+µ(r)
(
1 +
r
2
dµ
dr
)2
(4.3)
d(r)
a2(r)
= α(r)e
µ(r)
2
(
1 +
r
2
dµ
dr
)
. (4.4)
We then make the change of coordinates (t, r)→ (T,R) such that
R = c(r) = re
µ(r)
2 (4.5)
dT = dt− d(r)
a2(r)
dr , (4.6)
giving
gµνdx
µdxν = −eν(R)dT 2 + eλ(R)dR2 +R2dΩ2 (4.7)
ηµνdx
µdxν = −(dT + α(R)dR)2 +
(
1− Rµ
′(R)
2
)2
e−µ(R)dR2 + e−µ(R)R2dΩ2 (4.8)
(where λ(R) = λ(r(R)) and similarly for µ, ν, α). This is the most general form compatible
with spherical symmetry and stationarity given in ref. [43], of which we follow the notations.
It is particularly convenient to deal with as it separates the directly observable gravitational
variables ν(R), λ(R) from the “gauge” functions µ(R), α(R), which enter only the unobserv-
able reference metric. In this gauge, the Schwarzschild solution of General Relativity reads
νGR = −λGR = ln
(
1− RS
R
)
, (4.9)
where RS is the Schwarzschild radius of the source.
Like in section 3, one can determine an explicit expression for the relevant square root
of (g−1f)µν :
γµν =
(
D 0
0 E
)
,
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where
D =
1
t

 e−ν + s e−να
−e−λα e−λ
(
e−µ(1− Rµ′2 )2 − α2
)
+ s

 ,
E = e−µ/21 , (4.10)
with
s =
1
2
e−(λ+µ+ν)/2(−2 +Rµ′) (4.11)
t =
[
1
4
e−(λ+µ+ν)
(
2e(λ+µ)/2 − 2eν/2 + eν/2Rµ′
)2
− e−λα2
]1/2
. (4.12)
As α only enters the action through the mass term in eq. (2.18), and moreover non-
derivatively, its equation of motion is purely algebraic. It reads, for any model of dRGT
massive gravity:
α
(
β1e
µ + 4β2e
µ/2 + 6β3
)
= 0 . (4.13)
Although α = 0 is always a solution, there may exist other solutions for the non-minimal
models with β2 or/and β3 non-zero, depending on the signs and relative values of the param-
eters. However, in the minimal model — β1 = −2, β2 = β3 = 0 — eq. (4.13) readily gives
α = 0. In other words, all spherically symmetric and stationary solutions of the minimal
model are actually static.
To proceed further with the remaining variables λ, µ, ν, let us write down the Einstein
equations of motion in vacuum:
Gµν = m
2Tmassµν , (4.14)
where the energy-momentum tensor derived from the mass term in eq. (2.25) reads [36]
Tmassµν = 3gµν + γµν − 〈γ〉gµν . (4.15)
The (T, T ) and (R,R) components of eq. (4.14) read respectively:
eν−λ
(
λ′
R
+
1
R2
(eλ − 1)
)
= m2TmassTT , (4.16)
ν ′
R
+
1
R2
(1− eλ) = m2TmassRR , (4.17)
where
TmassTT = −
1
2
eν−
1
2
(λ+µ)
(
−2− 4 eλ/2 + 6 e 12 (λ+µ) +Rµ′
)
, (4.18)
TmassRR = −eλ(−3 + 2 e−µ/2 + e−ν/2) . (4.19)
To supplement these equations, one can use the (θ, θ) = (φ, φ) equation of motion. Alterna-
tively, when eqs. (4.16)–(4.17) are satisfied, it is equivalent to the Bianchi identity
fg ≡ ∇µTmassµR = 0 , (4.20)
where
fg =
(
2Re
1
2
(λ+µ)
)
−1
(
1− Rµ
′
2
)(
4− 4eλ/2 +Rν ′
)
. (4.21)
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It is excluded that 1−Rµ′(R)/2 vanishes, as it would correspond to a non-invertible change of
coordinate (4.5). The equation (4.20) therefore implies that 4− 4eλ/2+Rν ′ = 0. Combining
this relation with eq. (4.17), one obtains the algebraic relation
4e−λ/2 − 1− 3e−λ = −m2R2(−3 + 2e−µ/2 + e−ν/2) , (4.22)
from which one obtains µ in terms of ν and λ. Inserting this into eq. (4.16), one finally
obtains the coupled system of two first-order differential equations for λ(R) and ν(R):
Rλ′ − eλ(m2R2 − 3) +m2R2 eλ−ν/2 + 1− 4 eλ/2 = 0 , (4.23)
Rν ′ + 4− 4 eλ/2 = 0 . (4.24)
Linearizing these equations, one can obtain the solutions
λL =
2CRS
3R
(1 +mR)e−mR , (4.25)
νL = −4CRS
3R
e−mR , (4.26)
where C is a constant of integration. At large radii, they display the standard e−mR Yukawa-
suppression expected from a massive graviton. At small radii, R≪ m−1, one gets νL ∼ −2λL,
to be contrasted with the Schwarzschild result νGR = −λGR (4.9). This is a manifestation
of the famous vDVZ (van Dam-Veltman-Zakharov) discontinuity [20, 21], namely that the
massless limit of Fierz-Pauli massive gravity does not coincide with General Relativity. In
this respect, the crucial observation made by Vainshtein [22] is that the linear approximation
breaks down for R . RV , where the Vainshtein radius RV grows to infinity as the mass m
approaches 0.3 As a result, the linear approximation of massive gravity is nowhere applicable
in the massless limit, giving hope that the vDVZ discontinuity is merely an artifact of the
linear perturbation theory, and that the full non-linear solution displays a smooth limit
with General Relativity. In particular, for a theory of massive gravity to be observationally
relevant, its solution should be very close to the one of GR inside the solar system, where
the former has been tested with very fine accuracy. Following this idea, Vainshtein suggested
to look for SSS solutions of massive gravity, at least sufficiently close to the source, as an
expansion in powers of the graviton mass around the Schwarzschild solution:
X(R) =
∞∑
n=0
m2nXn(R) , with λ0 = λGR and ν0 = νGR , (4.27)
where X collectively stands for λ, µ, ν and the Xn do not depend on m. That such solutions
exist for R ≪ RV , and can be extended globally to match the solutions of the linearized
theory (4.25)–(4.26) for R≫ RV , has been shown for the first time for some massive gravity
models in refs. [23–25], establishing that the Vainshtein mechanism can work in the context
of spherically symmetric solutions (see the earlier work [44] in the context of cosmology).
However, in the case of the minimal model of interest here, there is already an ob-
struction to find solutions of the form (4.27) at the zeroth-order. The massless limits of
the Einstein equations (4.16)–(4.17) are obviously satisfied by νGR and λGR by definition.
3The expression of the Vainshtein radius depends on the theory of massive gravity under consideration [23].
It reads RV =
(
RS/m
4
)1/5
in generic massive gravity theories and RV =
(
RS/m
2
)1/3
in dRGT massive
gravity.
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However, the latter should also verify the extra equation (4.20), which does not apply in
General Relativity. In generic models of massive gravity, this is not problematic: plugging
them into this equation, one obtains a differential equation that µ0(R) has to satisfy. How-
ever, the peculiarity of the minimal model is that the Bianchi identity (4.20) leads to an
equation that does not involve µ, but ν and λ only, namely eq. (4.24). As νGR and λGR (4.9)
do not verify this equation, an exact solution of the system (4.23)–(4.24) cannot reduce to
the Schwarzschild solution in the massless limit. Therefore, we conclude that the Vainshtein
mechanism is ineffective in stationary and spherically symmetric configurations of the mini-
mal model.
5 Discussion
If one wishes that modified theories of gravity have somewhat substantial effects on cosmo-
logical scales, and that they reproduce the successful phenomenology of General Relativity in
the solar system, they must come with screening mechanisms that enable to hide the effects
of their additional degrees of freedom compared to GR on solar system/laboratory scales. In
massive gravity, the Vainshtein mechanism plays this role. In this paper, we have studied it
in the so-called minimal model of dRGT massive gravity. In particular, we have shown in sec-
tion 4 that its non-linearities are inefficient to restore the continuity with General Relativity
in stationary and spherically symmetric configurations, in other words that the Vainshtein
mechanism is ineffective under these hypotheses. To reach this conclusion, we did not need
to find explicitly the corresponding vacuum solutions, although it could be interesting to
determine them, exactly or numerically.
Probably more important are the consequences of our study of the energy scales of in-
teractions in section 3. The minimal model being characterised by the absence of interactions
in the decoupling limit, i.e. at the lowest possible energy Λ3, we investigated their structure
at higher energies, concentrating on the interactions between the helicity-2 modes and the
scalar graviton. In this framework, we proved the remarkable fact that in static spherically
symmetric configurations, the lowest energy scale of interactions is pushed up to the Planck
mass. However, we have also shown the peculiarity of these configurations: in generic non
spherically symmetric or time-dependent situations, interactions at energies arbitrarily close
to Λ3 reappear. Although it is hard to reach conclusions solely on these facts, one can thus
wonder whether the small degree of spherical symmetry breaking in the solar system can be
enough to lead to a successful Vainshtein mechanism in the minimal model. More generally,
while screening mechanisms have been mostly studied in static/stationary spherically sym-
metric situations up to now (see however ref. [45]), our analysis leads us to question whether
the high degree of symmetry of these configurations might miss some important physical
phenomena that arise in nature in realistic circumstances. These interesting questions are
left for future research.
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